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Objective

Use Monte Carlo test procedures to identify the number of regimes in Markov switching
models using a likelihood ratio-based approach while dealing with issues related to:

• violation of regularity conditions

• non-stationary processes

• non-Gaussian errors

• multivariate setting

Overall, to propose a test that performs better and is more general than alternatives
(applicable & valid in settings not previously available)
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Motivation

• Markov Switching models (MSM) are now used in many macroeconomic and
financial applications including

⋆ Identification of Business Cycle to provide probabilistic statement about state of the
economy; see Chauvet (1998), Diebold and Rudebusch (1996), Kim and Nelson
(1999), Chauvet and Hamilton (2006) and Qin and Qu (2021)

• Stock market volatility using Markov switching ARCH, GARCH & Stochastic
Volatility models; see Hamilton (1994), Gray (1996), Klaassen (2002), Haas et al.
(2004), Pelletier (2006) and So et al. (1998)

• State-dependent IRFs; see Sims and Zha (2006) and Caggiano et al. (2017)

• Identification of structural shocks in SVAR; see Lanne et al. (2010), Herwartz and
Lütkepohl (2014), Lütkepohl et al. (2021)

⋆ Measuring core inflation with multiple inflation regimes; Rodriguez-Rondon (2024)
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Motivation

Issues with determining number of regimes M:

• Number of regimes must be specified a priori

• Conventional hypothesis testing procedures are not valid due to violation of
regularity conditions

• Consistency of the information criterion (e.g., AIC & BIC) for selecting M has not
been established in the literature

• Empirically, some authors use AIC and BIC for model comparison but these can
lead to mixed results (e.g., Herwartz and Lütkepohl (2014) and Kasahara and
Shimotsu (2018)).
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MSM Hypothesis Testing Literature

Most approaches for determining number of regimes were limited to comparing linear
models (one regime) to models with two regimes under the alternative:

• Moment based test: Dufour and Luger (2017)

• Parameter homogeneity vs. heterogeneity: Carrasco et al. (2014)

• Likelihood Ratio based tests: Hansen (1992), Garcia (1998), Cho and White
(2007), and Qu and Zhuo (2021).

Kasahara and Shimotsu (2018) consider the more general case where H0 : M0 and
H1 : M0 + 1 where M0 ≥ 1 in the context of LRT.

In all cases, only univariate settings are considered and with the exception of the
Moment-based test of Dufour and Luger (2017), all procedures are only valid
asymptotically.
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Methodology

In this paper, we propose using the Maximized Monte Carlo (MMC) and Local Monte
Carlo (LMC) test procedures to develop Monte Carlo Likelihood ratio tests that:

• Deal transparently with violations of regularity conditions

• Work with sample distribution of test statistic instead of asymptotic distribution
allowing us to relax assumptions typically used in this literature

• deal with nuisance parameters
• MMC -LRT : by searching nuisance parameter space
• LMC -LRT : using consistent estimates (like parametric bootstrap)
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Contributions

• MMC -LRT is
• Identification robust

• an Exact test (type I error cannot be larger than the nominal level)

• valid in finite samples or asymptotically

• Both tests work in cases where validity of parametric bootstrap isn’t available

• Improved power in many settings where alternative tests are available

• More general settings where H0 : M0 vs H1 : M0 +m where M0,m ≥ 1

• Applicable to multivariate models (e.g. MS-VAR models)

• Relax assumptions used in the LRT stream of the literature

• Useful for testing common regime structure/breaks

• Tests are available in R package MSTest described in companion paper
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Contributions

Table 1: Contribution & Literature

H0 : M0 = 1 vs. H0 : M0 vs. H0 : M0 vs.
H1 : M0 = 2 H1 : M0 + 1 H1 : M0 +m

Available tests
RD, DL, QZ, CHP,

RD, KS RD
KS, CW, G, H

Non-constrained param. space RD, DL, CHP RD RD
Non-stationary RD, DL RD RD
Non-Gaussian errors RD, DL RD, KS RD
Multivariate RD RD RD
MS-GARCH RD, CHP RD RD
Valid in finite samples RD, DL RD RD
Identification robust RD, DL RD RD
Test common breaks - - RD

Notes: In the above, RD refers to the tests proposed here, DL is Dufour and Luger (2017), QZ is Qu and Zhuo
(2021), CHP is Carrasco et al. (2014), KS is Kasahara and Shimotsu (2018), CW is Cho and White (2007), G is
Garcia (1998), and H is Hansen (1992)
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Markov Switching Model

Markov switching model (MSM) allow some coefficients and variance to depend on a
Markov process St (δst & σ2

st ) while others can remain constant (β)

yt = xtδst + ztβ + σst ϵt (1)

The Markov process St takes values in {1, ...,M} where M is the number of regimes.

When yt depends on lags (e.g., {yt−1, . . . , yt−p}), it is referred to as a Hidden MSM or
simply MSM (see An et al. (2013)). Lags of yt can be included in xt or zt depending
on whether we want to allow the autoregressive coefficients to depend on the regimes
or not. This setting also allows us to consider a trend function within xt or zt .
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MSM Example: M = 2 Regimes

If the MSM has M = 2 regimes then St = {1, 2} with

Pr(St = j) =
2∑

i=1

pijPr(St−1 = i) (2)

where pij = Pr(St = j |St−1 = i) are the one-step transition probabilities.
These transition probabilities can be collected in a matrix:

P =

[
p11 p21
p12 p22

]
and the ergodic probabilities can be obtained as

π1 =
p21

(p12 + p21)
π2 = 1− π1

For example, π1 tells us, on average in the long-run, the proportion of time spent in
regime 1.
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Hypothesis Test

Consider

yt = µst +

p∑
i=1

ϕi (yt−i − µst−i ) + σϵt

such that the mean is a function of the latent Markov process St and ϵt ∼ N (0, 1).
Here, δst = µst , β = (ϕ1, . . . , ϕp)

′, and θ1 = (δst , β, σ
2, vec(P))′.

Now, suppose we are interested in

H0 : δ1 = δ2 = δ∗ for some unknown δ∗ = µ∗

H1 : (δ1, δ2) = (δ∗1 , δ
∗
2) for some unknown δ∗1 ̸= δ∗2

That is H0 : M0 = 1 (linear model) vs. H1 : M0 +m = 2.
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Hypothesis Test

The log likelihood function is given by

LT (θi ) =
T∑
t=1

log f (yt |y t−1
−p+1; θi ) (3)

where i = {0, 1}. Let
L̄T (H1) = sup{LT (θ1) : θ1 ∈ Ω} , (4)

L̄T (H0) = sup{L0T (θ0) : θ0 ∈ Ω̄0} = sup{LT (θ1) : θ1 ∈ Ω0} . (5)

so that our test statistic is

LRT = 2[L̄T (H1)− L̄T (H0)] (6)

and the null distribution of (6) depends only on θ0 ∈ Ω̄0. Note that we could easily
include ϕi ,st , σst , or other model parameters in δst and simply change θi accordingly.
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Methodology

Violation of regularity conditions:
• Parameter values may be at the boundary; see Andrews (1999) & Andrews (2001)

• Score function is equal to 0 when evaluated at restricted MLE

• Unidentified nuisance parameters under null; see Davies (1977) & Andrews and
Ploberger (1994))

In this paper:
• Work with sample distribution of test statistic

• do not need regularity conditions to derive asymptotic distribution of the test statistic

• replace “theoretical” null distribution F (x) of LRT with its simulation-based
“estimate” F̂ (x)

• allows us to deal with more general cases directly (i.e., non-stationary, non-Gaussian,
parameter boundary, multivariate, among others)

• Use MMC and LMC procedures to deal with presence of nuisance parameters

• Valid even when asymptotic distribution does not exist
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Maximized Monte Carlo Likelihood Ratio Test

Monte Carlo p-value is given by

p̂N [LR
(0)
T |θ0] =

N + 1− RLR [LR
(0)
T ;N]

N + 1
(7)

where RLR [LR
(0)
T ;N] =

∑N
i=1 1{LR

(0)
T ≥ LR i

T}.

In proposition 3.1 we extend Dufour (2006) to show that, under the null hypothesis,
the LRT statistic for Markov switching models has

Pr
[
sup

{
p̂N [LR

(0)
T |θ0] : θ0 ∈ Ω̄0

}
≤ α

]
≤ α

That is, we have a valid test procedure.
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MMC-LRT - Consistent Set CT

Can also search a smaller consistent set of the parameter space CT . For example, let θ̂
be the consistent point estimate of θ0. Then, we can define

CT = {θ0 ∈ Ω̄0 :
∥∥∥θ̂ − θ0

∥∥∥ < c} (8)

where c is a fixed constant (doesn’t depend on T ) and ∥·∥ is the Euclidean norm in Rk

To search over the parameter space Ω̄0 or CT , we can use:

• Generalized Simulated Annealing

• Genetic Algorithms

• Particle Swarm
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Local Monte Carlo Likelihood Ratio Test

Alternatively, we can also define CT to be the singleton set CT = {θ̂0}, which gives us
the Local Monte Carlo Likelihood Ratio Test (LMC -LRT ).

• Like parametric bootstrap
• θ̂0 is an asymptotically efficient estimator of θ0 (want T →∞)

• Unlike parametric bootstrap
• Do not need N →∞ (N = 19 sufficient for α = 0.05)

• Unnecessary as we do not try to approximate asymptotic distribution of test statistic

• Valid even if asymptotic distribution does not exist

Rodriguez-Rondon & Dufour (BoC & McGill) ESWC 2025 16 / 31



Introduction Model Testing Procedure Simulation Results Univariate Application Multivariate Application Conclusion

Tests For Comparison

• Use R-package MSTest described in Rodriguez-Rondon and Dufour (2024)

• For H0 : M0 = 1 vs. H1 : M0 +m = 2, we consider
• Moment based test: LMCmin, LMCprod, MMCmin & MMCprod of Dufour and Luger

(2017) for H0 : M0 = 1 vs. H0 : M0 = 2 only

• Parameter homogeneity vs. heterogeneity: supTS & expTS of Carrasco et al. (2014)
for H0 : M0 = 1 vs. H0 : M0 = 2 only

• When M0 ≥ 1 and m ≥ 1 we only consider tests proposed here

• Simulation results are obtained using 1000 replications of the DGP.
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Empirical size of test for H0: M = 1

Table 2: Empirical size of test when H0 : M0 = 1

Test ϕ = 0.10 ϕ = 0.90
T=100 T=200 T=500 T=100 T=200 T=500

H1 : M0 +m = 2
LMC-LRT 4.9 4.7 4.9 5.3 5.0 4.9
MMC-LRT 1.9 1.5 1.3 0.8 0.7 0.8
LMCmin 5.0 3.8 5.5 5.1 4.2 5.5
LMCprod 4.0 4.1 4.6 4.7 4.3 4.8
MMCmin 1.7 1.3 4.3 1.3 1.7 4.1
MMCprod 1.6 1.8 3.6 1.4 2.5 3.8
supTS 4.8 5.1 4.8 6.0 4.5 4.7
expTS 6.8 6.2 5.2 5.4 6.9 5.5

H1 : M0 +m = 3
LMC-LRT 5.2 5.4 4.8 4.6 4.1 5.3
MMC-LRT 2.5 2.3 1.5 1.2 0.8 1.0

Notes: Rejection frequencies are obtained using 1000 replications. MC tests use N = 99 simulations.
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Empirical Power of test for H0: M = 1 vs. H1: M = 2
Table 3: Empirical Power of Test when M0 = 1, m = 1, & (p11, p22) = (0.9, 0.9)

Test ϕ = 0.10 ϕ = 0.90
T=100 T=200 T=500 T=100 T=200 T=500

∆µ
LMC-LRT 60.2 88.6 98.3 14.7 20.5 43.9
MMC-LRT 58.0 81.7 90.0 7.5 14.7 31.3
LMCmin 5.3 5.4 3.7 14.5 20.9 42.1
LMCprod 4.8 4.3 4.3 16.2 22.3 43.0
MMCmin 1.1 2.3 1.9 6.7 13.2 33.8
MMCprod 0.9 2.4 2.0 6.9 14.5 34.2
supTS 36.4 64.0 96.5 5.5 3.9 6.1
expTS 35.6 60.9 95.4 5.4 3.9 6.4

∆µ & ∆σ
LMC-LRT 81.2 98.7 100.0 39.5 78.0 98.7
MMC-LRT 78.0 94.5 100.0 25.6 66.0 96.0
LMCmin 53.1 80.9 99.4 35.3 60.7 92.6
LMCprod 46.1 74.1 98.7 38.7 63.9 95.3
MMCmin 37.2 69.6 99.0 22.9 49.3 89.4
MMCprod 34.2 66.0 98.1 26.3 55.5 92.7
supTS 74.0 96.0 100.0 34.0 62.9 95.4
expTS 73.3 92.0 100.0 45.6 76.0 97.0

Notes: Rejection frequencies are obtained using 1000 replications. MC tests use N = 99 simulations.
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Empirical Power of test for H0: M = 1 vs. H1: M = 3

Table 4: Empirical Power of Test when M0 = 1, m = 2, & (p11, p22, p33) = (0.9, 0.9, 0.9)

Test ϕ = 0.10 ϕ = 0.90
T=100 T=200 T=500 T=100 T=200 T=500

∆µ
LMC-LRT 84.6 98.3 100.0 59.0 86.2 99.6
MMC-LRT 80.0 93.0 95.3 51.4 77.3 92.1

∆µ & ∆σ
LMC-LRT 85.5 99.9 100.0 77.1 95.9 100.0
MMC-LRT 79.4 90.1 98.1 60.6 92.0 94.3

Notes: Rejection frequencies are obtained using 1000 replications. MC tests use N = 99 simulations.
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Empirical Performance of test when process is non-stationary

Table 5: Empirical Performance of test when process is non-stationary

Test ϕ = 1.00
T=100 T=200 T=500

Empirical size
LMC-LRT 4.5 4.9 5.7
MMC-LRT 2.2 2.3 4.5
LMCmin 4.0 3.7 5.6
LMCprod 3.8 4.7 5.6
MMCmin 1.4 1.5 3.1
MMCprod 1.5 2.0 2.6
supTS 2.2 1.8 93.4
expTS 2.6 38.3 98.2

Empirical power: ∆µ
LMC-LRT 15.5 22.8 39.9
MMC-LRT 9.2 14.1 25.2

Empirical power: ∆µ & ∆σ
LMC-LRT 29.7 54.4 77.3
MMC-LRT 21.7 43.1 63.8

Notes: Here H0 : M0 = 1 vs. H1 : M0 + m = 2. For alternative model, p22 = 0.90. Rejection
frequencies are obtained using 1000 replications. MC tests use N = 99 simulations.
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Empirical Power of test when parameter is at boundary

Table 6: Empirical Power of Test when M0 = 1, m = 1, & (p11, p22) = (0.9, 1.0)

Test ϕ = 0.10 ϕ = 0.90
T=100 T=200 T=500 T=100 T=200 T=500

∆µ
LMC-LRT 76.7 97.9 99.7 7.2 8.1 9.9
MMC-LRT 68.7 93.7 96.5 5.5 5.3 4.7

∆µ & ∆σ
LMC-LRT 49.9 83.8 99.5 19.5 41.5 90.1
MMC-LRT 40.7 81.0 96.0 11.2 34.0 84.0

Notes: Rejection frequencies are obtained using 1000 replications. MC tests use N = 99 simulations.
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Empirical Size of Test: H0: M = 2 vs. H1: M = 3 Regimes

Table 7: Empirical Size of Test when M0 = 2 & m = 1

Test (p11, p22) = (0.5, 0.5) (p11, p22) = (0.7, 0.7)
T=100 T=200 T=500 T=100 T=200 T=500

(ϕ, µ1, µ2, σ) = (0.5,−1, 1, 1)
LMC-LRT 6.80 6.30 4.60 6.00 6.00 4.80
MMC-LRT 3.80 3.70 3.30 3.10 3.60 2.70
Boot-LRT - 7.16 4.43 - 6.07 4.20

Notes: LMC -LRT and MMC -LRT use N = 99 and are obtained using 1000 replications. Boot-LRT results are taken from Kasahara and
Shimotsu (2018)
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U.S. GNP & GDP Growth Series

• U.S. GNP growth series
• from 1951:II to 1984:IV

• Hansen (1992), CHP, and DL consider Hamilton’s original sample
• All studies fail to reject null hypothesis of linear model (even when allowing ∆σ)

• from 1951:II to 2010:IV
• CHP and DL consider this extended sample and reject null hypothesis of linear model
• Here, we confirm M = 2 regime model (when ∆σ) by considering H1 : M = 3
• Unlike CHP, we find M = 2 even when only ∆µ

• from 1951:II to 2024:II
• Here, we also consider this more recent sample which includes COVID period
• In all U.S. GNP models, model (??) is used
• Find evidence for a model with M = 3 regimes

• U.S. GDP growth series from 1951:II to 2024:II
• Following Qu and Zhuo (2021) and more recent literature, we focus on GDP data
• Consider controlling for known structural breaks such as great moderation and

COVID period
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U.S. GNP & GDP Growth

Table 8: Results For U.S. GNP & GDP Growth Series Hypothesis Tests

Series
H0 : M = 1 vs. H0 : M = 2 vs. H0 : M = 3 vs.
H1 : M = 2 H1 : M = 3 H1 : M = 4

LMC-LRT MMC-LRT LMC-LRT MMC-LRT LMC-LRT MMC-LRT
∆µ

GNP 1951:II-1984:IV 0.35 0.93 - - - -
GNP 1951:II-2010:IV 0.03 0.05 0.06 0.23 - -
GNP 1951:II-2024:II 0.01 0.01 0.01 0.01 0.52 1.00
GDP 1951:II-2024:II 0.01 0.01 0.01 0.01 0.47 1.00

∆µ & ∆σ
GNP 1951:II-1984:IV 0.38 0.85 - - - -
GNP 1951:II-2010:IV 0.01 0.01 0.58 1.00 - -
GNP 1951:II-2024:II 0.01 0.01 0.02 0.04 0.70 1.00
GDP 1951:II-2024:II 0.01 0.01 0.01 0.01 0.68 1.00

Notes: The GNP 1951:II-1984:IV series (T = 135) is the same as the one used in Hamilton (1989), Hansen (1992), and Carrasco et al.
(2014). The GNP 1951:II-2010:IV series (T = 239) is the same as the one used in Carrasco et al. (2014) and Dufour and Luger (2017).
The GNP 1951:II-2024:II and GDP 1951:II-2024:II series (T = 293) are the GNP and GPC1 series respectively from the St. Louis Fed
(FRED) website. All MC test results are obtained using N = 99. The MMC-LRT procedure uses a particle swarm optimization algorithm.
Models for GNP use p = 4 lags as in Hamilton (1989) while models for GDP use p = 1 lags as in Qu and Zhuo (2021).

←
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U.S. GDP Growth
• Regime 1 (blue): expansionary state (µ1 = 0.79) with high vol. (σ1 = 1.06)
• Regime 2 (green): expansionary state (µ2 = 0.72) with low vol. (σ2 = 0.45)
• Regime 3 (red): recessionary states (µ3 = −0.50) with very high vol. (σ2 = 6.5)

Figure 1: Smoothed Probabilities of Regimes from 1951:III - 2024:II (M = 3)
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U.S. GDP Growth
• Here, we have two recessionary regimes

Figure 2: Smoothed Probabilities of Regimes from 1951:III - 2024:II (M = 4)
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Testing the Synchronization of Business Cycles

Consider the following models

∆GDPa,t = µa,sa,t + xtβa + σaϵa,t

and

∆GDPb,t = µb,sb,t + xtβb + σbϵb,t

and suppose, we are interested in knowing if the Markov processes Sa,t and Sb,t are
perfectly dependent (synchronized) such that Sa,t = Sb,t = St .
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Testing the Synchronization of Business Cycles

If Sa,t = {1, 2} and Sb,t = {1, 2}, then up to four cases are possible in a joint MSVAR
model:

S∗
t = 1 if Sa,t = 1 & Sb,t = 1

S∗
t = 2 if Sa,t = 1 & Sb,t = 2

S∗
t = 3 if Sa,t = 2 & Sb,t = 1

S∗
t = 4 if Sa,t = 2 & Sb,t = 2

From here, we can see that
• if perfectly synchronized, then Sa,t = Sb,t = S∗

t and S∗
t = {1, 2} such that M∗ = 2

• if leading (lagging), then then S∗
t = {1, 2, 3} such that M∗ = 3

• if perfectly independent, then then S∗
t = {1, 2, 3, 4} such that M∗ = 4

Hence, testing the synchronization of BCs (or common regime structure/breaks) can
be tested in bi-variate MSVAR by considering

H0 : M
∗ = 2 vs. H1 : M

∗ = 3 or H0 : M
∗ = 2 vs. H1 : M

∗ = 4
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Synchronization of Business Cycles: GDP series

Table 9: Results For Synchronization of Business Cycle Hypothesis Tests using GDP series

Series
H0 : M = 1 vs. H0 : M = 2 vs. H0 : M = 2 vs.
H1 : M = 2 H1 : M = 3 H1 : M = 4

LMC-LRT MMC-LRT LMC-LRT MMC-LRT LMC-LRT MMC-LRT
1985:I - 2019:IV (T = 140)

US-CA 0.02 0.04 0.20 0.65 0.17 0.67
US-UK 0.01 0.01 0.01 0.01 0.01 0.01
US-GR 0.03 0.05 0.27 0.54 0.11 0.51

1985:I - 2022:IV (T = 155)
US-CA 0.01 0.01 0.08 0.43 0.03 0.05
US-UK 0.01 0.01 0.13 0.21 0.01 0.01
US-GR 0.01 0.01 0.21 0.53 0.04 0.06

Notes: This table includes results when ∆µ & ∆σ as it is a statistically preferred model over a model where only ∆µ. The GDP series
are OECD Main Economic Indicator Releases obtained from the St. Louis Fed (FRED) website. All MC test results are obtained using
N = 99. The MMC-LRT procedure uses a particle swarm optimization algorithm.
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Conclusion

Propose Monte Carlo Likelihood Ratio-based tests (i.e., LMC -LRT and MMC -LRT )
to determine appropriate number of regimes for MSM

• MMC -LRT is identification robust and valid even in finite samples

• tests are applicable when dealing with (1) non-stationary process, (2)
non-Gaussian errors, (3) at boundary of parameter space, and (4) multivariate
settings

• Can be used to compare more MSM models (i.e., when interested in H0 : M0 vs.
H1 : M0 +m where M0,m ≥ 1)

• Simulation results suggest tests are able to control level of test and have
favourable power performance

• Used in simple applications to determine number of regimes in US GDP growth
and test the synchronization of international business cycles
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Thank you!
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Motivation

• Other applications of MSM in economics:

• Climate change; see Golosov et al. (2014) and Dietz and Stern (2015)

• Environmental & energy economics; see Cevik et al. (2021) and Charfeddine (2017)

• Industrial Organization; see Aguirregabiria and Mira (2007) and Sweeting (2013)

• Health economics; see Hernández and Ochoa (2016) and Anser et al. (2021)

• Alternative but related Hidden Markov Model (HMM) have applications in:

• Computational molecular biology (Krogh et al. (1994) and Baldi et al. (1994))

• Handwriting and speech recognition (Rabiner and Juang (1986), Nag et al. (1986),
Rabiner and Juang (1993) and Jelinek (1997))

• Computer vision and pattern recognition (see Bunke and Caelli (2001)) and other
machine learning applications
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MSTest R package

• Has 6500+ downloads

• Package includes:
• LMC-LRT and MMC-LRT procedures proposed here and

• Moment-based test of Dufour and Luger (2017)

• Parameter stability test of Carrasco et al. (2014)

• Conservative LRT of Hansen (1992)

• Model estimation (EM & MLE)

• Simulation functions

• See page on CRAN and GitHub for more details

• Package is also described in Rodriguez-Rondon and Dufour (2024)

←
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MC Test Procedure

MMC LRT

1. Use θ̂1 from observed data but consider different θ0 ∈ CT (or Ω̄0), to obtain LR
(0)
T

2. Repeat steps 2 - 5 using different θ0 ∈ CT to obtain sup
{
p̂N [LR

(0)
T |θ0] : θ0 ∈ Ω̄0

}
→ using numerical optimization to search over CT
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MSM Hypothesis Testing Literature - Bootstrap

Asymptotic validity of parametric bootstrap procedure:

• Qu and Zhuo (2021) for H0 : M0 = 1 vs. H1 : M0 = 2 and a board set of models
(i.e., doesn’t include models with weakly exogenous regressors)

• Kasahara and Shimotsu (2018) for H0 : M0 vs. H1 : M0 + 1 but for limited set of
models (i.e., fixed regressors only).

In general, these results require:

• stationarity

• constrained parameter spaces

• Gaussian errors

• univariate settings

and are only valid asymptotically.
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Log-likelihood Function of Linear Model

LT (θ0) = logf (yT1 |y0−p+1; θ0) =
T∑
t=1

logf (yt |y t−1
−p+1; θ0) (9)

where θ0 = {µ1, σ
2
1, ϕ1, . . . ϕp} and

f (yt |y t−1
−p+1; θ0) =

1√
2πσ2

1

exp

{
−[yt − µ1 −

∑p
k=1 ϕk(yt−k − µ)]2

2σ2
1

}
(10)
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Log-likelihood Function of MSM

LT (θ1) = logf (yT1 |y0−p+1; θ1) =
T∑
t=1

logf (yt |y t−1
−p+1; θ1) (11)

where θ1 = (µ1, µ2, σ1, σ2, ϕ1, . . . , ϕp , p11, p22) and

f (yt |y t−1
−p+1; θ1) =

2∑
st=1

2∑
st−1=1

· · ·
2∑

st−p=1

f (yt , St = st , St−1 = st−1, . . . , St−p = st−p |y
t−1
−p+1; θ1) (12)

f (yt , St = st , . . . , St−p = st−p |y
t−1
−p+1; θ1) =

P(S∗
t = s∗t |y t−1

−p+1; θ1)√
2πσ2

st

× exp

−[yt − µst −
∑p

k=1
ϕk (yt−k − µst−k

)]2

2σ2
st

 (13)

where we let

S∗
t = s∗t if St = st , St−1 = st−1, . . . , St−p = st−p

and P(S∗
t = s∗t |y t−1

−p+1; θ1) is the probability that this occurs.
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U.S. GDP Growth

Figure 3: U.S. real GDP growth from 1951:II - 2024:II
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U.S. GDP Growth - Parameters Estimates

Table 10: Estimates of Preferred Model (∆µ & ∆σ)

µ1 µ2 µ3 ϕ1 σ1 σ2 σ3 p11 p12 p13 p21 p22 p23 p31 p32 p33 LogLike
M=1 0.74 - - 0.10 1.09 - - - - - - - - - - - -437.54
M=2 0.80 0.11 - 0.30 0.68 3.00 - 0.96 0.04 - 0.47 0.53 - - - - -368.08
M=3 0.79 0.72 -0.46 0.26 1.06 0.45 6.50 0.97 0.03 0.00 0.01 0.98 0.01 0.32 0.00 0.68 -337.07

Notes: The GDP 1951:II-2024:II series (T = 293) is the GPC1 series from the St. Louis Fed (FRED) website. The models use p = 1 lags as
in Qu and Zhuo (2021). Here, we allow for changes in mean and variance (i.e., ∆µ & ∆σ).
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U.S. GDP Growth

Table 11: Results For U.S. GDP Growth Series Hypothesis Tests With Known Breaks

Series
H0 : M = 1 vs. H0 : M = 2 vs. H0 : M = 3 vs.
H1 : M = 2 H1 : M = 3 H1 : M = 4

LMC-LRT MMC-LRT LMC-LRT MMC-LRT LMC-LRT MMC-LRT
∆µ

Model 1 0.01 0.01 0.01 0.01 0.76 1.00
Model 2 0.01 0.01 0.01 0.01 0.76 1.00
Model 3 0.01 0.01 0.01 0.01 0.94 1.00
Model 4 0.01 0.01 0.01 0.01 0.59 1.00

∆µ & ∆σ
Model 1 0.01 0.01 0.01 0.01 0.44 1.00
Model 2 0.01 0.01 0.01 0.01 0.35 1.00
Model 3 0.01 0.01 0.01 0.01 0.27 1.00
Model 4 0.01 0.01 0.01 0.01 0.24 1.00

Notes: The GDP 1951:II-2024:II series (T = 293) is the GPC1 series from the St. Louis Fed (FRED) website. Model 1: no fixed
exogenous regressors, Model 2: includes dummy variable treating Great Moderation as known structural break, Model 3: includes dummy
variable treating COVID period as known multiple structural breaks, and Model 4: includes dummy variables treating Great Moderation
and COVID period as known multiple structural breaks. All MC test results are obtained using N = 99. The MMC-LRT procedure uses a
particle swarm optimization algorithm. Models GDP use p = 1 lags as in Qu and Zhuo (2021).
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U.S. GDP Growth - Comparison with Dummy Variables

Table 12: Comparison of models with dummy variables

µ1 µ2 µ3 ϕ1 GMd CVd σ1 σ2 σ3 LogLike AIC BIC
∆µ

Model 1 7.473 0.748 -8.220 0.329 - - 0.819 - - -362.771 753.543 805.017
Model 2 7.473 0.748 -8.220 0.323 0.118 - 0.817 - - -362.032 754.063 809.214
Model 3 7.473 0.748 -8.220 0.329 - 0.084 0.819 - - -362.731 755.461 810.612
Model 4 7.473 0.748 -8.220 0.323 0.125 0.141 0.817 - - -361.919 755.838 814.666

∆µ & ∆σ
Model 1 0.794 0.718 -0.459 0.262 - - 1.07 0.449 6.499 -337.072 706.145 764.973
Model 2 0.795 0.717 -0.463 0.261 0.027 - 1.07 0.450 6.502 -337.020 708.039 770.544
Model 3 0.794 0.717 -0.442 0.260 - 0.185 1.07 0.450 6.437 -337.016 708.033 770.538
Model 4 0.800 0.717 -0.447 0.260 0.022 0.158 1.07 0.451 6.449 -337.016 708.033 770.538

Notes: The GDP 1951:II-2024:II series (T = 293) is the GPC1 series from the St. Louis Fed (FRED) website. Model 1: no fixed exogenous
regressors, Model 2: includes dummy variable treating Great Moderation as known structural break and is labeled GMd, Model 3: includes
dummy variable treating COVID period as known multiple structural breaks and is labeled CVd, and Model 4: includes dummy variables
treating Great Moderation and COVID period as known multiple structural breaks. All MC test results are obtained using N = 99. The
MMC-LRT procedure uses a particle swarm optimization algorithm. Models GDP use p = 1 lags as in Qu and Zhuo (2021).
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Synchronization of Business Cycles: IP series

Table 13: Results For Synchronization of Business Cycle Hypothesis Tests using IP series

Series
H0 : M = 1 vs. H0 : M = 2 vs. H0 : M = 2 vs.
H1 : M = 2 H1 : M = 3 H1 : M = 4

LMC-LRT MMC-LRT LMC-LRT MMC-LRT LMC-LRT MMC-LRT
1985:I - 2019:IV (T = 140)

US-CA 0.01 0.01 0.19 0.73 0.23 0.65
US-UK 0.01 0.01 0.18 0.61 0.21 0.68
US-GR 0.01 0.01 0.58 1.00 0.76 1.00

1985:I - 2022:IV (T = 155)
US-CA 0.01 0.01 0.05 0.05 0.03 0.04
US-UK 0.01 0.01 0.18 0.48 0.12 0.37
US-GR 0.01 0.01 0.19 0.51 0.14 0.44

Notes: This table includes results when ∆µ & ∆σ as it is a statistically preferred model over a model where only ∆µ. The IP series are
OECD Main Economic Indicator Releases obtained from the St. Louis Fed (FRED) website. All MC test results are obtained using
N = 99. The MMC-LRT procedure uses a particle swarm optimization algorithm.
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